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. ﬁ ectrica
Introduction = Enriee)

The seminal work by Vaidyanathan and Pal on Co-
Prime and Nested Samplers and Arrays has drawn lots
of attentions in signal processing community.

The Co-Prime and Nested Samplers and Arrays can be
used to sample a wide-sense stationary signal sparsely,
and then reconstruct the autocorrelation.

Its applications are very limited so far, which only
Includes beamforming and direction finding and
systems identification.

We observed that it could be applied to spectrum
efficient waveform design.
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Nested Sampling Eorica,

one period N, =3.N,=3
N, N, N, | N, N N,
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Fig. 1. Nested sampling with N1 = 3, N> = 5.

+an example of periodic sparse sampling using nested sampling structure
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Nested Sampling Eorica,

B < Non-uniform sampling
| <+ Two levels of sampling density

: v" the level 1 samples at the N: locations
2 v the level 2 samples at the N: locations

1 <[ < Ny, forlevel 1

(N1 + 1)m,1 <m < N, for level 2
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| Nested Sparse Sampling (Cont.) E%',?f:é'iﬁil

‘@ ¢ The cross-differences are given by

E=(Ni+1)m—-01<m< Ny, 1<Il<N
| ¢« The cross-differences are in the following range
—[(ﬁﬁ + 1)Na — 1] < k< [(ﬁrl + 1)Ng — 1]

¢ + Except these integers and the corresponding
¢ nhegated versions (missing)

(Nt +1),2(Ny+1),---, (N2—=1)(Ny + 1)
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Nested Sampling (Cont.) S

‘Wl ¢ the self differences among the second sequence
could cover all of the missing differences
(N1 +1)(mq1 —ma), 1 <mq.mao < No

il + The differences (time lags) could be obtained
from the cross-differences and the self-
differences, which is a filled difference as

—[(;"\"71 —+ 1)1‘\"72 — 1] ‘f_: .-Iu‘ E [(A’Tl —+ 1)ﬁsr2 — 1]
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Nested Sampling (Cont.) S

{ ¢ In (N, + )N, Tseconds, there are totally N, + N,
samples

" ¢ The average sampling rate (Sparse Sampling!)

/ Ny + Ny LR SRS S
s.nested — - — ~ — —  ¢(the uist samplin
nested TNy + D)NGT — NyT ' NoT T paigy o

I'=1/fn

frn = 2fmae 1s the Nvquist sampling frequency
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Co-Prime Sampling Eorica,

< Two sub-Nyquist uniform samplers
< Two levels of sampling density

P and @) are co-prime integers

™, HPT s

\/ 0 P 2P 3P 4P 5P 6P T

— {1 QT —»x(On) | | | | | |’

\/ 0 O 20 30 40 50

Fig. 2. Co-Prime sampling in the time domain.
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Co-Prime Sampling (Cont.) S

p The differences of this pair:

x(ni,ng) =Pny —Qno,0<n; <Q—1,0<n, <P—1

¥ Because of the co-primality of P and @)

—Q(P—1)<zxz(ni,n) < P(Q—1)

f?«q
. as\., eFora Wlde sense stationary signal, its

\:: S ol o ’
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Co-Prime Sampling (Cont.) S

Sampling spacings P11 and Q1" respectively

Consider the product

r(Pnq)x™ (Qns)
r(Pnqy) and x(Qng) comes from the first and the second sampler

k= Pny — Qno

0<k<PQ-1
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d Co-Prime Sampling (Cont.) S

¢ For co-prime sampling, the two samplers
collect P + Q samples in PQT seconds

¢ The average sampling rate (Sparse Sampling!)

_P+Q 1 1 1
.fs,cop-mme _ PQT PT + QT {

I'=1/fn

frn = 2fmae 1s the Nvquist sampling frequency
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PSD with Nested Sampling

PSD

SD

N=(N1+1)N2=15
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N=(N1+1)N2=18
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N=(N1+1)N2=25
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Fig. 6. PSD, N=25
N=(N1+1)N2=28
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Fig. 8. PSD, N=28
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| Waveform Design Eeotries

| ¢+ QPSK modulated signal with carrier frequency f. = 400H =

2FE T
SQPSK (t) — T CO?[Q?TfCt + (l — 1)5]

where T is the symbol duration

| « The power spectral density of a QPSK signal using
rectangular pulses can be expressed as

Es  sinm(f— f)T.

Popsk(f) = ; ( AT )2 4 (,g.-j..ﬂ,w(—f — fe)T

STy AT
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PSD of QPSK Waveform
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Power Speciral Density of QPSK signal Power Speu:tral Densrty of QPSK mgnal
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Fig. 9. PSD of the QPSK signal Fig. 10. Zoom in the main lobe of PSD for

QPSK signal

¢BW: 416 — 384 ~ 32H >
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B PSD of Nested Sampling QPSK
Bl \aveform

Power Spectral Density of Nested Sampling QPSK signal

Power Speciral Density of Nested Sampling QPSK signal
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Fig.13. PSD of Nested Sampling QPSKFig.14. Zoom in the main lobe of
PSD for Nested Sampling QPSK sig-

signal (N1=7,N2=11)

nal(N1=7,N2=11)

¢BW: 409 — 391 ~ 18H=z
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| PSD of Co-Prime Sampling = Enriee)

* | QPSK Waveform

nal(P=7,Q=11)

Wireless Communicatiol
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Nested Sampling PSD

v

Normalized PSD, [dB]

’? (normalized)

Power Spectral Density of Nested Sampling QPSK signal
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Fig. 17. PSD of Nested Sampling QPSK signal with different N2
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S Nested Sampling PSD
* (normalized)

Power Spectral Density of Nested Sampling QPSK 5|gnal
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Fig. 18. PSD of Nested Sampling QPSK signal with different N1
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AW Nested Sampling PSD
B< M (un-normalized)
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Co-Prime Sampling PSD

v

Normalized PSD,[dB]

’? (normalized)

QPSK Coprime Sampling Estimated Power Sepctrum Density
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Fig. 19. PSD of Co-Prime Sampling QPSK signal with different Q)
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Co-prime Sampling PSD

’? j (normalized)

QPSK Coprlme Sampling Estimated Power Sepctrum Den5|ty
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Fig.20. PSD of Co-Prime Sampling QPSK signal with different P
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/% g Co-Prime Sampling PSD S i

(un-normalized)
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d Application to Hybrid Wireless Ererice,
Network

Wireless networks without support from the fixed infrastructure is
known as ad-hoc networks.

In other scenarios, a set of base stations are connected by wired
links and placed within the ad-hoc networks to form a wired

Infrastructure. This resulting network is referred to as a hybrid
wireless network.
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WM ctwork Model
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¢ Extended network in a square area
¢ n wireless nodes are placed randomly and uniformly

c

¢n.,J/m)

—
(<AJ) ((AJ) (tA’)
((A’) ((AJ) ((A’)
(N (‘A’) (tA’)

(0,0)

¢ b base stations partition the network into square cells of

side length

¢ Base stations are linked together by wires with infinite

bandwidth
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< lectrical
Transmission Mode In Hybrid Egsineerins
Wireless Network

¢ Intra-cell transmission mode

When the source and destination are located in the same cell, the
source transmits directly to the destination without the aid of the
infrastructure.

¢ Infrastructure transmission mode

When source and destination are located in different cells
- uplink phase the source = base station
- transport phase the data is transported via wired infra. network

- downlink phase the base station = the destination

¢ The total bandwidth of W Hz is partitioned into two orthogonal
sub-channels with W, Hz and W, Hz , i.e., W = W, + W, (W, for
nodes, W, for base stations).
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} Outage Throughput Capacity over EEJ?::;'!:?:}
Slow Fading Channels

N o If the signal duration is short compared to the channel
coherent time, we have a slow fading channel.

¥ . Outage capacity is the largest rate of transmission such that the
outage probability P,.. isless than e .

Definition 1. For a hybrid wireless network of n nodes
and b base stations, a e-outage throughput capacity of 7.(n, b)
bit/s for each node is feasible if under the intra-cell mode or
infrastructure mode, there 1s a spatial and temporal scheme
for scheduling transmissions such that every node can receive
T.(n,b) bit/s with the outage probability less than e.
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Outage Throughput Capacity E%?::Jiﬁ«ﬂ
under Intra-cell Mode

=

¢+ For wireless networks under intra-cell transmission
mode, the outage capacity under Rayleigh fading

CHY — Jog {1 + T (k+ 1)!]#1 - S’NIR}

where

AT __ P-min(1,py; e 1P0d)
SNIR = Zmnlrere

K 1s the number of transmitters in each cell

¢ For Spectrum Efficient waveform design, SNIR is much
higher, so capacity is much higher with spectrum
efficiency
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Outage Throughput Capacity E%?::é:ﬁi:
under Infrastructure Mode =

+ For wireless networks under infrastructure mode, the
downlink capacity under Rayleigh fading

chw —log {1+¢-SNIR'}
where

_ P-min(1,p,; e 7P0d)
NTR Pod
SJ\I I : _— .-}'I.I'I';E" i.‘i,*-'D | I r

For Spectrum Efficient waveform design, SNIR' is much higher

¢ Uplink Phase: Similar to inter-cell mode , the destination node is
base station.

¢ Transport Phase: Wired infrastructure with infinite BW.
No capacity limit.
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Outage Probabilities é;,?:::r:ﬁ?s:
* (Nested Sampling)

Probability of Outage

15 20 25 30 35 40 45 50

Wireless Communications and Networking Lab



Outage Probabilities Ererice!
(Co-prime Sampling)
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) Capacities with outage 107(-5) E%',?::;‘iﬁ.il
(Nested Sampling)
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) Capacities with outage 107(-5) E%',?::;‘iﬁ.il
(Co-prime Sampling)

75

Intracell Capacity
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. - ﬁ ectrica
| Conclusions = Enriee)

‘@ + Nested sampling and co-prime sampling are
Introduced

¢ Both sampling schemes could be wused to
l generate spectrum efficient waveforms

applied to hybrid wireless networks for lower
outage probabilities and higher capacity.
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